We investigate how the entanglement characteristics of a non-Gaussian entangled state are increased or decreased by a local photon subtraction operation. The non-Gaussian entangled state is generated by injecting a single-mode non-Gaussian state and a vacuum state into a 50:50 beam splitter. We consider a photon-added coherent stateâ † |α and an odd coherent state |α − | − α as a single-mode non-Gaussian state. In the regime of small |α|, we show that the performance of quantum teleportation and the second-order Einstein-Podolsky-Rosen-type correlation can both be enhanced, whereas the degree of entanglement decreases, for the output state when a local photon subtraction operation is applied to the non-Gaussian entangled state. The counterintuitive effect is more prominent in the limit of |α| ∼ 0.
I. INTRODUCTION
Entangled resources are useful in quantum teleportation, cryptography, and computation. In continuous variable (CV) regime, two-mode Gaussian entangled states are typically employed as entangled resources. For twomode Gaussian entangled states, entanglement can be fully described by Einstein-Podolsky-Rosen (EPR) correlation [1] which is characterized up to the secondorder moments of the state [2] [3] [4] . For two-mode nonGaussian entangled states, however, entanglement is fully described with all orders of moments [5] [6] [7] . Some of us have recently proposed entanglement criteria beyond the Gaussian regime, where the entanglement criteria including all orders of EPR correlations can be measured with homodyne detection [8] . Non-Gaussian entangled states provide the benefits on enhancing violation of Bell's inequality [9] [10] [11] , and degree of entanglement [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
A certain class of non-Gaussian entangled state is simply generated by applying a non-Gaussian operation on a two-mode Gaussian state. Typical non-Gaussian operations are photon addition and subtraction operations. The photon addition operation which was proposed [22] was implemented [23] via a nondegenerate parametric amplifier with small coupling strength. The photon subtraction operation was implemented [24] with a beam splitter of high transmittivity, and considered in enhancing not only entanglement but also performance of quantum-noise-limited amplifier [25] [26] [27] [28] . The sequential operations, such as photon additionthen-subtraction and subtraction-then-addition operations, were also studied [29] [30] [31] and implemented in [32] . In particular, the photon-addition-then-subtraction operation was considered in achieving a noiseless amplifier [33] , quantifying bosonic behavior in composite particle system [34] , and distinguishing quantum particles from classical particles [35] . Based on an interferometric setting, the coherent superpositions of second-order operations,ââ † ±â †â , was proposed [36] and implemented [37] . Moreover, it was also proposed in a cavity system [38] . Some of us have recently proposed the coherent superposition of the elementary operation, tâ+râ † [39] , as well as other coherent superpositions of second-order operations, tâ 2 +râ †2 [40] and tââ † +râ †2 [41] . Other coherent superposition operations, such as tâ+rb † and tââ † +râ †â , were also proposed to produce an arbitrary photon-number entangled state in a finite dimension, N n=0 c n |n, n AB [42] . Due to the fact that entanglement characteristics of Gaussian states are enhanced by a non-Gaussian operation [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , it is natural to have a question about whether entanglement characteristics of non-Gaussian states are enhanced by a non-Gaussian operation. In particular, we are interested in non-Gaussian states which do not have any two-mode squeezing properties in order to determine their own usefulness compared with a typical Gaussian entangled state. Then, we apply a simple non-Gaussian operation, i.e., local photon subtraction operation, to the non-Gaussian states. We generate the non-Gaussian entangled state by injecting a single-mode non-Gaussian state and a vacuum state into a 50:50 beam splitter, where we consider a photon-added coherent stateâ † |α and an odd coherent state |α − | − α as the single-mode non-Gaussian state. With these non-Gaussian entangled states, we investigate the entanglement characteristics: Degree of entanglement, second-order Einstein-PodolskyRosen (EPR) correlation, and performance of quantum teleportation in Braunstein and Kimble (BK)'s protocol [44] . After a local photon subtraction operation on the non-Gaussian resources in the regime of small |α|, we find that the teleportation fidelity of a coherent state and the second-order EPR correlation are enhanced whereas the degree of entanglement diminishes. In the limit of |α| ∼ 0, the counterintuitive effect is more prominent: The teleportation fidelity increases from 0.25 to beyond the classical limit 0.5, and the second-order EPR correlation begins to emerge, whereas the degree of entanglement decreases from 1 to 0.
In this paper, we begin in Sec. II with the generation of a non-Gaussian entangled state with a 50:50 beam splitter, injecting a single-mode non-Gaussian state and a vacuum state. In Sec. III we investigate the entanglement properties (entanglement and second-order EPR correlation) of the non-Gaussian entangled state via local photon subtraction operation. Then, we employ the non-Gaussian entangled state via local photon subtraction operation for CV teleportation in Sec. IV. The main results are summarized in Sec. V.
II. GENERATION OF NON-GAUSSIAN ENTANGLED STATES
We generate a non-Gaussian entangled state by injecting a single-mode non-Gaussian state |ψ and a vacuum state |0 into a 50:50 beam splitter. We consider a photon-added coherent stateâ † |α , and an odd coherent state |α − | − α as the single-mode non-Gaussian state. We can simply check that the single-mode non-Gaussian states are maximally nonclassical due to the fact : Given | β|ψ | 2 = 0 for at least one coherent state |β , then the state is maximally nonclassical [43] . The photonadded coherent state was implemented in the laboratory [23] . To generate the odd coherent state was proposed in some ways [41, [45] [46] [47] , and implemented in other ways [48] [49] [50] [51] [52] [53] [54] . Applying local photon subtraction operations on the non-Gaussian entangled state, we can simply obtain the following form,
where N is a normalization factor, and the beam splitting transformation isB †
. The values of n and m are non-negative integers.
In the case of |ψ A =â † |α , the output state |Ψ AB becomes 2) where
In the case of |ψ A = |α − | − α , the output state |Ψ AB becomes
where
relative phase becomes plus (minus) at odd (even) number because the state |ψ A = |α − | − α is transformed into an even (odd) coherent state by local photon subtraction operations, as shown in Eq. (2.1). In the next section, we investigate entanglement properties of these non-Gaussian entangled states after they are processed with local photon subtraction operation.
III. ENTANGLEMENT PROPERTIES A. Entanglement
Entanglement for a pure bipartite state is described with von Neumann entropy calculated as [55] . For |ψ A =â † |α , the entangled state |Ψ 1 AB can be written as
where M 1 = n + m + |α| 2 , and we considered the rela-
)|0 , and |
)|1 are displaced Fock states. The displaced Fock states are orthonormal to each other, such that we can get the following reduced density matrix,
With the eigenvalues of the Eq. (3.2), we derive the degree of entanglement as a function of |α| in Fig. 1 (a) . The degree of entanglement decreases with the total number of the local photon subtraction operation (n + m). In the limit of |α| ∼ 0, the degree of entanglement is changed from 1 to nearly zero via a local photon subtraction operation. For |ψ A = |α − | − α , the entangled state |Ψ 2 AB can be written as
where |o ≡
) is an odd coherent state, and |e ≡ coherent state. The odd and even coherent states are orthonormal to each other, such that the reduced density matrix is represented by
With the eigenvalues of Eq. (3.4), the degree of entanglement is derived as a function of |α| in Fig. 1 (b) . The degree of entanglement decreases from 1 to less than or equal to 1, via a local photon subtraction operation. In the case of the even number of local photon subtraction operations, the degree of entanglement is constant as 1. In the case of the odd number, it increases from 0 to 1 with |α|.
The above results may be understood by looking into the states in the regime of small |α|. For the stateâ † |α , we consider it up to the first order of α, and then the nonGaussian entangled state can be approximately written as
where n + m = 0 and the state is not normalized. After a local photon subtraction operation on either of the modes, Eq. (3.5) is transformed intô
In the limit of |α| → 0, Eq.(3.5) goes to a maximally entangled state but Eq.(3.6) goes to a separable state. For the state |α − | − α , we consider it up to the third order of α, and then the non-Gaussian entangled state can be approximately written as
where n + m = 0 and the state is not normalized. After a local photon subtraction operation on either of the modes, Eq. (3.7) is transformed intô
In the limit of |α| → 0, Eq.(3.7) goes to a maximally entangled state but Eq. (3.8) goes to a separable state.
B. Second-order Einstein-Podolsky-Rosen correlation
Second-order EPR correlation is described with the total variance of a pair of EPR-like operators,
. The total variance which is less than 1 indicates Gaussian quantum entanglement [2] , an important resource in CV quantum protocols. Given a symmetric state, we can evaluate the second-order EPR correlation with the expectation values such as â †â , âb , and â . The other terms are obtained with the complex conjugate of the expectation value, e.g., â † = â * . In the case of |ψ A =â † |α , the second-order EPR correlation of Eq. (2.2) is described in this form,
where α = |α|e iϕ . Equation (3.10) is optimized at ϕ = 0. We consider the second-order EPR correlation as a function of |α| at n + m = 0, 1, 2, as shown in Fig. 2  (a) . At n + m = 0, the second-order EPR correlation is not shown in the region of |α| ≤ 1. However, applying local photon subtraction operations on the state, we can see that the EPR correlation shows up in the region of |α| ≤ 1 at n + m = 1, 2. In the region of |α| ≤ 1.454, the second-order EPR correlation is improved by a local photon subtraction operation. In the case of |ψ A = |α − | − α , the second-order EPR correlation of Eq. (2.3) is described in this form, where α = |α|e iϕ . Equation (3.11) is optimized at ϕ = π/2. We consider the second-order EPR correlation as a function of |α| at n + m = even/odd, as shown in 2(b). At n+m = even, the second-order EPR correlation is not shown in the whole region of |α|. On the other hand, the second-order EPR correlation shows up in the whole region of |α| at n + m = odd.
From the above results, we could understand that local photon subtraction operation plays the role of secondorder EPR correlation for the non-Gaussian entangled states.
IV. CONTINUOUS VARIABLE TELEPORTATION USING NON-GAUSSIAN ENTANGLED STATES
After a local photon subtraction operation on the nonGaussian entangled states, we could see that the secondorder EPR correlation can be created whereas the degree of entanglement decreases. Now we consider the nonGaussian entangled states as entangled resources to teleport a coherent state in continuous variable (CV) teleportation. We consider Braunstein and Kimble (BK)'s protocol [44] whose performance is evaluated by the average fidelity between an unknown input state and its teleported state. Teleportation of coherent states has a classical limit of average fidelity F classical = 1/2 if Alice and Bob make use of a classical channel [56] . The average fidelity of teleportation is given by
is the characteristic function of the teleported state. Here, C E (λ * , λ) is the characteristic function of an entangled resource, and C in (λ) is one of an input state. For input coherent states, it is sufficient to calculate the teleportation fidelity for a particular input coherent state [20] since there is no difference between the amplitudes of the input and output coherent states in BK protocol. For brevity, we will refer to fidelity as the average fidelity hereafter.
In the case of |ψ A =â † |α , we consider the nonGaussian entangled state Eq.(2.2) to teleport a coherent state. The characteristic function of the state is given by
(λ 2 − λ 3 ). Using Eq. (4.1), we can obtain the teleportation fidelity, which is optimized at ϕ = 0 for α = |α|e iϕ . We consider the teleportation fidelity as a function of |α| at n + m = 0, 1, 2, as shown in Fig.  3 (a) . At n + m = 0, the teleportation fidelity is less than 1/2 in the region of |α| < 0.686. At n + m = 1, 2, the teleportation fidelity becomes larger than 1/2 in the whole region of |α|. The teleportation fidelity is improved by a local photon subtraction operation in the region of |α| < 0.963. In the case of |ψ A = |α − | − α , we obtain the following characteristic function,
Using Eq. (4.1), we can obtain the teleportation fidelity which is optimized at ϕ = π/2 for α = |α|e iϕ . We consider the teleportation fidelity as a function of |α| at n + m = even/odd, as shown in Fig. 3 (b) . The teleportation fidelity becomes larger than 1/2 in the whole region of |α| by an odd number of local photon subtraction operation.
We may understand the above result by comparing with the second-order EPR correlation and the degree of entanglement. First of all, we compare the teleportation fidelity with the second-order EPR correlation in Figs. 2 and 3. In the case of |ψ A =â † |α , the teleportation fidelity, which is larger than 1/2, does not guarantee the existence of the second-order EPR correlation in the region of 0.686 ≤ |α| < 1. In the case of |ψ A = |α −|−α , on the other hand, the teleportation fidelity which is larger than 1/2 guarantees the existence of the secondorder EPR correlation. The former case can be explained by all orders of EPR correlation, such that we consider another teleportation fidelity formula represented by all orders of EPR correlation,
. Since we consider entangled states generated by a 50:50 beam splitter, the fidelity is simply transformed into [8] 
. According to Eq. (2.1), we can derive the expectation value 0|e
√ 2 for the input mode B. For the input mode A, we can employ the following relation,
2D (2i P a )e −4i P a â . (4.5) Thus, in the case of |ψ A =â † |α , we can get the following fidelity
where |β| = 2|α|(1 +
N1
) and M = n + m. We can check that the teleportation fidelity F epr is equal to the fidelity obtained from Eq. (4.2). Therefore, the teleportation fidelity in BK protocol can be explained by all orders of the EPR correlation. Second, we compare the teleportation fidelity with the degree of entanglement in Figs. 1 and 3 . For both cases of |ψ A =â † |α and |ψ A = |α − | − α in the regime of small |α|, a local photon subtraction operation enhances the teleportation fidelity whereas the operator diminishes the degree of entanglement. In the limit of |α| ∼ 0, the teleportation fidelity increases from 1/4 to beyond 1/2 whereas the degree of entanglement (E) decreases from E = 1 to E ∼ 0. We can predict that all orders of the correlation in the non-Gaussian resources are not always useful to enhance the teleportation fidelity in BK protocol.
Furthermore, we study some cases about the teleportation fidelity of classical limit 1/2 regarding entanglement and second-order EPR correlation of pure bipartite entangled states, as shown in table I. Some entangled states with second-order EPR correlation can teleport a coherent state with the fidelity which is beyond 1/2 [12, 14, 15] . For the entangled states,â †b † |T M SS and a †b †âb
two-mode squeezed vacuum state), in the region of 0.16 < λ < 0.4, however, we can find that the second-order EPR correlation cannot be exhibited but the teleportation fidelity of a coherent state can be beyond 1/2 [17] . There is another example shown in the supplemental material of the paper [8] , where a single photon state can be teleported with the fidelity up to 1 via an entangled resource with no second-order EPR correlation. For the entangled state,â|T M SS , in the region of λ ∼ 0.38, there is entanglement as well as second-order EPR correlation, but the teleportation fidelity of a coherent state can be below 1/2 [20] . For the entangled state at n + m = 0 in Eq. (2.3), there is a high degree of en- In this paper, we have shown that a local photon subtraction operation on a non-Gaussian entangled state, in the regime of small |α|, can enhance the teleportation fidelity and the second-order EPR correlation while diminishing the degree of entanglement at the same time. We considered the non-Gaussian entangled state generated by injecting a vacuum state and a photon-added coherent stateâ † |α (an odd coherent state |α −|−α ) into a 50:50 beam splitter. In the limit of |α| ∼ 0, the local photon subtraction operation enhanced the teleportation fidelity by a little bit more than 1/2 from 1/4, and made the second-order EPR correlation appear from nonexistence, whereas the degree of entanglement is reduced from 1 to 0 via the local photon subtraction operation. In the regime of large |α|, all the entanglement properties we considered slightly decreased via a local photon subtraction operation. Furthermore, we could find the particular cases when the teleportation fidelity can be beyond (below) the classical limit 1/2 without (with) second-order EPR correlation.
The present study can be compared with a Gaussian entangled state via a local photon subtraction operation. We consider a two-mode squeezed vacuum state as the Gaussian entangled state. We can find the opposite behavior of the Gaussian entangled state and the non-Gaussian entangled state we considered in this paper. The photon subtraction operation on a two-mode squeezed vacuum state,â|T M SS , enhances the degree of entanglement, but decreases the teleportation fidelity and the second-order EPR correlation [20] . In the small squeezing regime, the teleportation fidelity F decreases from F > 1/2 to F < 1/2, and the second-order EPR correlation goes from existence to nonexistence.
According to a quantum protocol, we can apply an appropriate local operation on an entangled state to enhance the performance. In our case, non-Gaussian states via a local photon subtraction operation are useful for performing the BK protocol. As a further work, it would be interesting to investigate what kind of local opera-tion on an entangled state is appropriate to enhance the performance of some quantum protocols.
